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ABSTRACT. In this paper we prove the existence of central configurations of
the n 4+ 2-body problem where n equal masses are located at the vertices of
a regular n—gon and the remaining 2 masses, which are not necessarily equal,
are located on the straight line orthogonal to the plane containing the n—gon
passing through its center. Here this kind of central configurations is called
bi—pyramidal central configurations. In particular, we prove that if the masses
Mmnp+1 and mpy2 and their positions satisfy convenient relations, then the
configuration is central. We give explicitly those relations.

1. Introduction. We consider the spatial N—body problem

N
.. qr — qj
mp Qr = — E Gmymj ———=
— lax — qj]
j=1
i#k
k=1,...,N, where qz € R? is the position vector of the punctual mass mj, in an

inertial coordinate system, and G is the gravitational constant which can be taken
equal to one by choosing conveniently the unit of time. The configuration space of
the spatial N-body problem is

E={(ai,...,an) ER* : qi #q;, for k # j}.

Given myq,...,my a configuration (qi,...,qn) € & is central if there exists a
positive constant A such that

(‘jsz)\ (qkfc) )
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k=1,...,N, where c is the center of mass of the system, which is given by
N
_ Dkt TGk
= = )
Zk=1 my

Thus a central configuration (q,...,qy) € £ of the N-body problem with positive
masses my,...,my is a solution of the system of equations

C

N
qr — qj
j;l m; ‘Qk — Qj|3 A (Qk C), (1)
J#k
k=1,...,N, for some .

The first known planar central configuration of the N-body problem for N > 2
consists of NV equal masses located at the vertices of a regular N-gon. If we take
N equal masses at the vertices of a regular polyhedron with N vertices, then we
obtain a spatial central configuration of the N-body problem (see [1]). In addition to
regular polyhedron central configurations, the simplest spatial central configurations
of the N-body problem are the ones known as pyramidal central configurations.
Such configurations consist of N = n 4+ 1 masses, n of which are coplanar and the
(n + 1)-th being off the plane (see for instance [2] and [14]). The n positions of the
coplanar masses are called the base of the pyramidal central configuration.

The next simplest spatial central configurations are the ones known as double
pyramidal central configurations. Such configurations consist of N = n + 2 masses,
n of which are coplanar and the other two being off the plane and positioned sym-
metrically above and below that plane. In the literature we can find some papers
related with double pyramidal central configurations with different shapes of basis.
For instance [16] studied for all n > 4 the double pyramidal central configurations
such that the n coplanar masses are at the vertices of a regular n—gon and the
(n+1)-th and (n+ 2)-th masses are equal, under these assumptions the (n+ 1)-th
and the (n + 2)-th mass are located symmetrically with respect to the n—gon. Liu
and his coauthors have some papers related with double pyramidal central config-
urations of the N body problem for N = 5,6,7,9 for different shapes of their basis
(see [4, 5, 6, 7, 8, 9, 10]). Yang and Zhang in [15] also studied double pyramidal
central configurations of the 6-body problem. In [12] the authors study central
configurations of the N = n+ 3 body problem consisting of n masses at the vertices
of a regular n-gon, 2 masses on the straight line orthogonal to the plane containing
the n—gon passing through its center and positioned symmetrically above and below
the n-gon, and a third mass positioned at the center of the n—gon.

In this paper we consider spatial central configurations of the N—body problem,
with N =n+4+2, n € N and n > 2, consisting of n equal masses m; = --- = m,,
at the vertices of a (regular) n—gon and 2 masses m,11 and m, 2 on the straight
line orthogonal to the plane containing the n—gon passing through its center. In
contrast to what happens in the known double pyramidal central configurations, we
do not impose conditions, neither on the positions, nor on the values of the masses
Mp41 and my,4o. In this paper, these configurations are called bi—pyramidal central
configurations. Notice that the double pyramidal central configurations studied in
[16] are a particular case of our bi-pyramidal central configurations when m,1; =
My+2 and my 41 and my, 4o are positioned symmetrically above and below the plane
containing the n—gon. The bi—pyramidal central configurations for n = 3 are studied
in [3] and [11] from different points of view. In [3] the author proves that, for
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any pair of positive masses my1 and m, 42, the number of bi-pyramidal central
configurations is finite and also provides all the possible numbers of such central
configurations. In [11] the authors consider the inverse problem; that is, given a
bi—pyramidal configuration, they find the masses which make it central. We do not
know any paper considering bi-pyramidal central configurations for n > 3.

Here we analyze the bi-pyramidal central configurations from the inverse problem
point of view.

This paper is structured as follows. In Section 2 we give the equations of the
bi—pyramidal central configurations. In Section 3 we summarize some results con-
cerning to pyramidal central configurations. Finally, in Section 4, we analyze the
2-pyramidal central configurations. We prove that for all n > 2 we can find posi-
tions on the straight line such that convenient masses m,y; and my,42 placed at
these positions provide central configurations. We also give the explicit relations
between the masses and the positions of such central configurations. Moreover we
see that for all n < 9 there exists a privileged position and a privileged value of the
top mass, which depend on n, so that any arbitrary mass located at the same dis-
tance from all other masses provides a central configuration. The precise statement
of these results is given in Theorem 4.3.

2. Equations of the central configurations. We consider N = n+2 withn € N,
n > 2, n equal masses m; = --- = m,, at the vertices of a (regular) n—gon and 2
masses My and m, o on the straight line orthogonal to the plane containing the
n—gon passing through its center. Without loss of generality we can choose the unit
of mass so that m; = --- = m, = 1, and we take the unit of length in order that
the radius of the circle containing the n-gon be one. By using complex coordinates
in the plane that contains the regular n—gon, the positions of the vertices of the
n-gon can be written as q = (e!*,0) € C x R with ag = 2rk/n for k=1,...,n
Let mp41 = p1, Mpy2 = o, dni1 = (0,21), and gqpi2 = (0, 22), with zq > 2. We
note that this last condition is not restrictive.
Using these notations the center of mass of the system is given by

1 n
c= — 0,21) + u2(0, 29) + w‘JO
N+ g1+ g2 i1 (0 21) + p12(0, 22) ;
Since 37 _, e =0,
1
c=(Cyy,C;) = — (0, 121 + poza).
(N n+H1+M2( 121 + foz2)

The first n equations of (1) become

n
qr — qn+1 qQr — qn+2 qr — CI]

+ /‘L2 + _— = )\ qk_ —C 2
|qk - qn—&-l‘g |qk — qn+2|3 Z |Qk _ q]|3 ( )7 ( )

2

;e

for k =1,...,n, and the last 2 equations of (1) are

qn+1 - qn+2 qn+1
= q 1—C),
|dn+1 — Angal? Z|Qn+1 %\‘3 (e )
(3)
Adn+2 — An+1 qn+2 —
e Y ety = s =)

|qn+2 - qn+1|3 qn+2 — qj‘s
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It is easy to check that

iak

lar — qj] = |e"* — €| for j#k, and j,k=1,...,n

|Qk*(1n+z|:m fork=1,...,n, and £ = 1,2,

|An+1 — An2| = |21 — 22].
So the first components of the n vectorial equations (2) are
eiak wck i
m (1+Z)3/2+“2( 3/2+ Z |emk_emj|3_>‘€ g (4)

Jsﬁk

zak _ ezaJ

for k = 1,...,n. By dividing the k-th equation by e'** we get
1— ez(aj—ak)

M1 _
(1 + 22 )3/2 + ( 3/2 + Z |ezak —67‘O‘J|3 =

J#k
for k =1,...,n. Defining

n 1 _ ei((!j—(lk)

P = Z |eion — eiag |37
i=1
JFk

after some simplifications we get

So the first components of the n vectorial equations (4) can be reduced to the single
equation

M1 H2 -
Bn+(1+z)3/z+(1+z)3/2_>\. (5)

Using the fact that Z?=1 e’ = 0, we can see easily that the first components of

the 2 vectorial equations (3) are always satisfied.
The second components of the n equations (2) become

z1 zZ92
=A 6
H1 (1 T Z%)3/2 =+ H2 (1 + 25)3/2 Cz, ( )
for all k =1,...,n. Finally, the second components of the 2 vectorial equations (3)
become
z1 Z1 — 22
=A —Cz),
n (14 2)3/2 + 2 |21 — 293 (21 —c2) ;
z9 zZ9 — 21 ( )

= = A22 — ¢z).
(1+Z )3/2 +/’1/1 |22_21|3 (Z2 CZ)
In short, system (1) can be reduced to the 4 equations (5), (6) and (7) with the 3
unknowns A, 21, z2. We note that one of these equations is redundant. Indeed, if we
multiply the first equation of (7) by u1 and the second one by pe and we add the
resulting equations, then we get

Z1 V)
n <'“1 (1+ 22)3/2 + 2 (1+z )3/2) = AMp121 + p222) = M1 + p2)ez. (8)
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From (6), the left hand of (8) becomes n A ¢,. On the other hand, from the definition
of ¢., we have that py z1 + o 20 = (n + 1 + p2)c,. Therefore (8) becomes

nAc; = Ac, (n+ py + p2) — Xea (1 + p2),

which is always satisfied.

We add equation (6) to each equation of (7) and we substitute the value of A
by the value given by (5) into the resulting equations. Then the system formed by
equations (5), (6) and (7) reduces to a system of 2 equations that is linear in the
variables p1 and pg, and its matrix form is

() ()= () o

where
c 20— 25 Z5 — &4
05 =
! lze — 22 (1+25)3/%
k24
t@ = ﬁn Ze—n

(1422572
for all £, =1,2 and ¢ # j.

We note that if in (9) we replace z; by —z, for all £ = 1,2, we obtain the same
system of equations. So if z; = 27,29 = 25 are such that pu1 = uj, pe = pd is a
solution of (9), then p; = p3, pe = pb is also a solution of (9) for 21 = —z7, 20 = —23.
In order to simplify our computations, in what follows we assume that z; > 0.

Since we have assumed that z; > z5, we have that

1 29 — 21 d 1 21 — 22
and coq = — )
21— 22)% (14 23)3/2° 21 (21— 22)2 (14 2%)3/2

C1,2 = (

3. Pyramidal central configurations. We note that the formulation (9) allows
us to find the pyramidal central configurations obtained in [14] in an easy way.
Indeed, the pyramidal central configurations consists of placing only one mass on
the straight line orthogonal to the plane containing the n—gon passing through its
center. For these configurations equation (9) becomes the single equation

O'Mlztl.

The solutions of equation t; = 0 are

0\ 2/3
z1 =0, z1 == <> —1:= %z4.
B
We note that the values zg are defined only for n such that n/5, > 1. In [13] it
is proved that this condition is satisfied for n < 473. In short we have proved the
following known result.

Theorem 3.1. The following statements hold.

(a) For all uy > 0 and 2 < n < 473 the problem has three central configurations,
one with puy at the center of the n-gon (i.e. z; = 0), and two with uy at the
positions z1 = zg and z1 = —zg respectively.

(b) For all 1 > 0 and n > 473 the problem has a unique central configuration,
the one with uy at the center or the n-gon.

A different proof of Theorem 3.1 can be found in [14].
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4. Bi-pyramidal central configurations. From elementary algebra we get the
following result.
Lemma 4.1. System (9) has the following solutions:

(A) a unique solution py =ta/caq, o =t1/c1,2 when c12 # 0 and co1 # 0,
(B) a continuum of solutions pn = ta/co1, po € R when c12 =0, t1 = 0, and

0271 7£ 0,

(C) a continuum of solutions p1 € R, pg = t1/c12 when cg1 =0, t2 = 0, and
c12 # 0,

(D) a continuum of solutions p1 € R, o € R when c12 =0, c21 =0, t; =0, and
ty =0,

(E) no solutions when either ¢1 2 =0 and t1 # 0 or ca1 =0 and t2 # 0.

The solutions of (9) given by Lemma 4.1 correspond to bi-pyramidal cental
configurations only when iy, us > 0.

4.1. The curves c3; =0, c12 =0, t; = 0 and t; = 0. It is easy to see that
equation c¢j 2 = 0 has a unique solution which is given by

2= f(z1) =

and cz1 = 0 has the unique solution

22 -1
22’1
20 =g(z1) = 21 — /14 2%

Analyzing the properties of the functions f and g we see that both functions are
continuous for z; > 0. Since

2 p)
ey =" >0 gy =00
they are increasing. Moreover
dim fle) = oo, _limf(e1) = oo,
Jim g9(z1) = -1, Jm g(z1) = 0.
We note that )
L HEL -5

this means that f tends to infinity assymptotically to the straight line zo = 2z1/2
when z; — 4o00. Finally f crosses the positive semiaxis z; at the point z; = 1. The
plot of the curves zo = f(z1) and 29 = g(z1) is given in Figure 1.

We observe that when z; > 0 the curves zo = f(21) and 2o = g(z1) intersect at
the unique point p* = (21, 22) = (1/v3, —1//3).

On the other hand in Section 3 we have seen that equation t, = 0 for ¢ = 1,2
has a unique solution z; = 0 when n > 473 and it has three solutions z;, = 0 and
zp = £z when 2 < n < 473.

Finally, we analyze the sign of the functions c; 2, c2,1, and ¢, for £ = 1,2. The
results that we have obtained are summarized in the next result.

Lemma 4.2. The following conditions are satisfied:
(a) c12 > 0 when z3 > f(z1), c12 = 0 when z2 = f(z1), and c12 < 0 when
Z9 < f(zl);
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FIGURE 1. The plot of the curves zo = f(21) and 22 = g(z1).

(b) ca1 > 0 when 2o < g(z1), c21 = 0 when 22 = g(z1), and ca1 < 0 when
Zg > g(Zl);

(c) for2 <mn <473 and ¢ = 1,2, ty > 0 when z; € (—23,0) U (28, +00), ty =0
when zg = 0, %25, and t; <0 when z; € (—o0, —25) U (0, z3),

(d) forn > 473 and £ =1,2, t; > 0 when z; >0, t, =0 when z; =0, and t; <0
when zy < 0.

4.2. The signs of the solutions p; and ps of (9). The signs of the solutions
w1 and po of system (9) could change at the curves ¢a1 =0, to =0 and ¢ =0,
t; = 0, respectively (see Lemma 4.1). Thus, when 2 < n < 473 the sign of p; could
change at the curves zo = g(#1), 22 = 0, 22 = +23, and the sign of ug could change
at the curves zo = f(z1) and z; = z3. When n > 473 the sign of p1 could change
at the curves zo = g(z1) and 2o = 0, and the sign of ps could change at the curve
Z9 = f(Zl)

We note that the shape of the regions delimited by the curves zo = g(21), 22 = 0,
zg = 28, 22 = f(#1), and z; = z3 depends on the value of zg. More precisely, if
the value of z; = z3 belongs to either the interval (0,1//3), the interval (1/v/3,1),
or the interval (1,400); and if the value of zo = —z3 belongs to either the interval
(—00, —1), the interval (—1,—1/+/3) or the interval (—1/+/3,0) (see Figure 1).

In [13] it is proved that the sequence {8, /n}nen is increasing, so {n/B; }nen is
decreasing, and consequently the value of zg decreases as n increases. We compute
the sequence of values of z3 and we see that the first n such that zg < 1isn =29,
and that the first n such that z3 < 1/v/3is n = 53. In particular, there is no n such
that either zg = 1 or z5 = 1/v/3. Therefore z5 > 1 for2 <n <9, z5 € (1/V/3,1) for
9<n<53and zs € (0, 1/\/5) for 53 < n < 473. Remember that zg is not defined
for n > 473. In short, we have four possible shapes for the regions delimited by the
curves 2o = g(z1), 22 = 0, 20 = £23, 20 = f(21) and 21 = 2, one for 2 < n < 9, one
for 9 < n < 53, one for 53 < n < 473, and finally one for n > 473. These regions
are plotted in Figures 2 and 3.
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Case2<n<9

z2 21 = 23 z9 = f(zl)
' p2 >0
PR T B ——
s
p1 >0
1 1 1 1 1 Z
e “1
z2 = g(z1)
p1 >0
w3l w2 >0 '
Case 9 <n < 53
z2 z1 =28 z9 = f(zl)
i w2 >0
s
2y T Zg Tttt ——————
pn1 >0
1 1 1 1 1 1 1 1 Z
p2 Y1 2 E—
>0 48 osaE
fl/ z2 = g(=1) o >0
Z3 = —z3 (Vo<
—1k 3
) D5
=2t 1
_3L (#2>03

FIGURE 2. The regions delimited by the curves zo = g(z1), 22 = 0,
29 = +25, 20 = f(z1), and 21 = z restricted to {(21,22) € R?
z1 > 0,21 > 22}, and the sign of u; and ps on each region for
n < 53.
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Case 53 < n < 473

FIGURE 3. The regions delimited by the curves zo = g(z1), 22 = 0,
29 = +25, 20 = f(z1), and 21 = z restricted to {(21,22) € R?
z1 > 0,21 > 22}, and the sign of u; and ps on each region for
n > 53.
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We note that the curves z; = f(21) and z2 = g(21) intersect at the unique point
p*. Since there is no n such that z3 = 1/v/3, t1 # 0 and t3 # 0 when (21, 20) = p*,
this means that there are no solutions of system (9) of type (D) (see Lemma 4.1).

The curves zo = g(21) and 22 = —zg do not intersect when 2 < n < 9 and they

intersect at a unique point p; = ((1 —23)/(22p), —25) when 9 < n < 473 (see

Figures 2 and 3). Since z2 = g(#1) does not intersect with zo = 0 and z; = 23 we
have that the curves cp 1 = 0 and t3 = 0 only intersect when 9 < n < 473 and the
intersection point is p;.

The curves z3 = f(21) and z; = 2 intersect at a unique point py = (23, f(23))
for all 2 < n < 473 (see again Figures 2 and 3). So the curves ¢; o =0 and t; =0
intersect at the point ps for all 2 < n < 473.

By means of Lemma 4.2, we compute the signs of 3 and po on all the regions
delimited by the curves zo = g(z1), 22 = 0, 29 = £23, 20 = f(z1) and 21 = 2z for
each one of the four shapes depending on n. The regions on which g1 > 0, uo > 0
and p1, e > 0 are shaded in Figures 2 and 3.

Notice that the intersection point p; of the curves c;; = 0 and ¢, = 0 does not
belong to the region where ps > 0. Therefore there are no solutions of system (9)
of type (C) (see Lemma 4.1) providing central configurations.

The intersection point py of the curves c¢; 5 = 0 and ¢; = 0 belongs to the region
with g1 > 0 only when 2 < n < 9. Therefore system (9) has solutions of type (B)
(see Lemma 4.1) that provide central configurations only when 2 < n < 9. It is
easy to check that the value of p1 at the point (z1,22) = p2 is

p1 =n —2(nB2)3,

In short, we have proved the following theorem.

Theorem 4.3. Let

a1, 2) - = (6" = (14-22)3/2) / ( (21 —122)2 i (1241-; ?’”)
Gl z1,20) = (5"21 T )3/2)/((2:1 —1z2)2 i (1Z—iz§§/2>

Let f(z1) = (2f = 1)/(221), g(21) = 21 = /1 + 2f and 25 = \/(n/Bn)*/* —

D = {(z1,)€R?: 2z € (25,f*1(25)), 2o € (f(21),28)},

Dy = {(21,22) €R? 1 21 € (1,25), 22 € (0, f(=1))},

Dy = {(21,22) €R? 1 ;€ (/71 (=24),1/VB), 2 € (2, f(:1))}U
{(z1,22) € R : 21 € (1/V3,25), 22 € (—23,9(21)},

Dy = {(21,22) €R* : 21 € (2, '(28)) , 22 € (0,2p)},

Ds = {(z1,) €R? : z € (71 (=20),1/V3), 22 € (—25, f(=))} U
(21, 22)

1/V3.25), % € (=z9(:0))}
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Dg = {2’1722 ERQ: 21 (ng )7226(0,25)},
Dy = {(z21,2)€R? : 21 € Zﬁ,l/\[),ZQE(( Ds—28)} U

(1, 2)
(21, 22) e (

{(e122) €B? 2 2y € (UVB, £ (=20)) s 22 € (1), =20,
(21, 22) (
(1, 22) (

Dg = {2172’2 ERQ P21 €

0, 1/\/3) ., 2 € (9(21),0)}U
{ 21,22 GRQ T 21 € 1/\[ 1)7 Z2 € (f(zl)vo)}v

(see Figures 2 and 3).
The configuration (qi1,...,qnt+2) = ((eio‘l ,0),..., (et 0), (0, 21), (0, ZQ)) is cen-
tral for the n + 2-body problem in the following cases:
(a) If 2<n <9,
(i) (21,22) € D1 UDy UD3 (see Figure 2), uy1 = F(n,z1,22) and ps =
G(n, z1, 22).
(i) z1 = 25, 22 = f(28), 1 =n — 2(nB2)Y3 and ps € (0, +00).
(b) If 9 < n <53, (21,22) € Dy UDs (see Figure 2), u1 = F(n,z1,22) and
w2 = G(n, z1, 22).
(c) If 53 < m < 473, (21,22) € Dg U Dy (see Figure 3), p1 = F(n,z1,22) and
to = G(n, 21, 22).
(d) If n > 473, (z1,22) € Ds (see Figure 3), p1 = F(n,z1,22) and pa =
G(n,z1, #2).
Of course there are the symmetric central configurations obtained changing z1 and
z9 to —z1 and —zo Tespectively.

We note that the positions of the masses m; = 1 for i = 1,...,n, my41 = 11
and my,12 = p2 at the configurations given by Theorem 4.3 (a)(ii) are

ar = (cos(2m k/n),sin(2w k/n),0) fork=1,...,n,
qn+1 = (Ovoazﬁ)a qn+42 = (0707 f(zﬁ))

It is not difficult to check that
2

Bt k1 1
|Ant2 — ar| = W or K = n+ 1L

We note that in this configuration the arbitrary mass m,, o2 = uo is located at the
same distance from all other masses.

We have done some numerical computations in order to see how many classes of
bi-pyramidal central configurations there are for given values of the two masses p
and ps. As usual we denote by z; the z—coordinate of the mass p; for i = 1,2, and
we assume that z; > 2o with z; > 0. Our numerical results provide evidence for
the following claims:

e If 3 <n <473 then it can be 1, 2 or 3 classes of bi-pyramidal central configu-
rations, one always having negative z—coordinate and the others if exist have
positive z—coordinate.

e If n > 473 then there is only 1 class of bi-pyramidal central configurations.

REFERENCES

[1] F. Ced6 and J. Llibre, Symmetric central configurations of the spatial n—body problem, J. of
Geometry and Physics, 6 (1989), 367-394.


http://www.ams.org/mathscinet-getitem?mr=MR1049711&return=pdf

1060 MONTSERRAT CORBERA AND JAUME LLIBRE

[2] N. Faycal, On the classification of pyramidal central configurations, Proc. Amer. Math. Soc.,
124 (1996), 249-258.
[3] E. S. G. Leandro, Finiteness and bifurcations of some symmetrical classes of central config-
urations, Arch. Ration. Mech. Anal., 167 (2003), 147-177.
[4] X. Liu, On double pyramidal central configuration with parallelogram base, Xinan Shifan
Daxue Xuebao Ziran Kexue Ban, 26 (2001), 521-525.
[5] X. Liu, Double pyramidal central configurations with a concave quadrilateral base, J.
Chongqing Univ., 1 (2002), 67-69.
[6] X. Liu, A class of double pyramidal central configurations of 7-body with concave pentagon
base, Xinan ShifanDaxue Xuebao Ziran Kexue Ban, 27 (2002), 494-496.
[7] X. Liu, Ezistence and uniqueness for a class of double pyramidal central configurations with
a concave pentagonal base, J. Chongging Univ., 2 (2003), 28-30.
[8] X. Liuand X. Chen, Double pyramidal central configurations of 5-bodieswith arbitrary triangle
base, Sichuan Daxue Xuebao, 40 (2003), 190-194.
[9] X. Liu, Ezistence and uniqueness of a class of double pyramidal central configurations in
siz-body problems, J. Chongging Univ., 3 (2004), 97-101.
[10] X. Liu, X. Du and T. Feng, Ezistence and uniqueness for a class of nine-bodies central
configurations, J. Chongqing Univ., 5 (2006), 53-56.
[11] L. F. Mello and A. C. Fernandes, New spatial central configurations in the 5-body problem,
An. Acad. Bras. Ciénc., 83 (2011), 763-774.
[12] L. F. Mello and A. C. Fernandes, New classes of spatial central configurations for the n + 3
body problem, Nonlinear Anal. Real World Appl., 12 (2011), 723-730.
[13] R. Moeckel and C. Simé, Bifurcation of spatial central configurations from planar ones, SIAM
J. Math. Anal., 26 (1995), 978-998.
[14] T. Ouyang, Z. Xie and S. Zhang, Pyramidal central configurations and perverse solutions,
Electron. J. Differential Equations, 106 (2004), 1-9.
[15] D. Yang and S. Zhang, Necessary conditions for central configurations of siz-body problems,
Southeast Asian Bull. Math., 27 (2003), 739-747.
[16] S. Zhang and Q. Zhou, Double pyramidal central configurations, Phys. Lett. A, 281 (2001),
240-248.

Received April 2011; revised December 2011.

E-mail address: montserrat.corbera@uvic.cat
E-mail address: jllibre@mat.uab.cat


http://www.ams.org/mathscinet-getitem?mr=MR1301024&return=pdf
http://dx.doi.org/10.1090/S0002-9939-96-03135-8
http://www.ams.org/mathscinet-getitem?mr=MR1971151&return=pdf
http://dx.doi.org/10.1007/s00205-002-0241-6
http://dx.doi.org/10.1007/s00205-002-0241-6
http://www.ams.org/mathscinet-getitem?mr=MR1858717&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2152578&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1923516&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2152291&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1976096&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2143570&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2211705&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2867171&return=pdf
http://dx.doi.org/10.1590/S0001-37652011005000023
http://www.ams.org/mathscinet-getitem?mr=MR2729056&return=pdf
http://dx.doi.org/10.1016/j.nonrwa.2010.07.013
http://dx.doi.org/10.1016/j.nonrwa.2010.07.013
http://www.ams.org/mathscinet-getitem?mr=MR1338370&return=pdf
http://dx.doi.org/10.1137/S0036141093248414
http://www.ams.org/mathscinet-getitem?mr=MR2108877&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2045381&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1841711&return=pdf
http://dx.doi.org/10.1016/S0375-9601(01)00140-2
mailto:montserrat.corbera@uvic.cat
mailto:jllibre@mat.uab.cat

	1. Introduction
	2. Equations of the central configurations
	3. Pyramidal central configurations
	4. Bi-pyramidal central configurations
	4.1. The curves c2,1=0, c1,2=0, t1=0 and t2=0
	4.2. The signs of the solutions 1 and 2 of (9)

	REFERENCES

