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Abstract. This paper analyzes applications of cumulant analysis in
speech processing. A special focus is made on different second-order
statistics. A dominant role is played by an integral representation for
cumulants by means of integrals involving cyclic products of kernels.
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1 Introduction

Different methods in speech recognition use linear and non-linear procedures
derived from the speech signal by matching the autocorrelation or the power
spectrum, [4,6,5]. Many of these methods perform well for clean speech, while
their performance decreases strongly if noise conditions mismatch for training
and testing.

We obtain a representation for cumulants of second-order statistics contain-
ing a special type of integrals that involve cyclic products of kernels. Our tech-
niques are based on [1-3,7].

2 Integrals Involving Cyclic Products of Kernels

For m € N, define N,,, := {1,...,m}. Assume that (V, Fy) is a measurable space
and fi1, ..., iy, are o-finite (real- or complex-valued) measures on (V, Fy). For
m € N, m > 2, consider the following integral:
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where vy, 1 := v;. Integral (1) will be called an integral involving a cyclic product
of kernels (IICPK).
We will denote:
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with vy, 41 := v1. This function will be called a cyclic product of kernels K1, ..., K,,.



3 Cumulants of General Bilinear Forms of Gaussian
Random Vectors

Suppose that m € N; njq1,n;2 € N, j € N,,, and write
Xj71 = (Xj)l(k), ke Nnj,1)7 Xj72 = ()(j)g(k)7 ke Nan2)7 j € N,,.

Assume that X ;; and X2, j € N,,, are real-valued zero-mean random vectors
and consider the following bilinear forms:

nj,l,njg
Uj= Y aj(k,)X;1(k)X;2(1), j€Np,
k=1
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If we put
aj(l,l) aj(l,njyg)
(aj(k,1) == : : . JEN,,
aj(nji,1) ... aj(ngi,ng2)

then for any j € N,

Uj = X1 (a;(k,1) X,

aj(l,l) a,j(17nj12) Xjﬁg(l)
= (X;ja(1), .-, Xja(nj1)) : : :
aj(nj1, 1) oaj(nja,mnge) )\ Xje(n2)
Consider the joint simple cumulant cum (Ui, ..., Uy,,) of the random variables
Uy,...,U,, assuming that this cumulant exists. By general properties of the
cumulants, we obtain
cum (Uy,...,Up)
nii,ni,2 Nom,1,Mm,2 m
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x cum (X;1(kj1)X;2(kj2),7 € Npy,)

Since any general bilinear form can be represented as a sum of diagonal bilinear
forms, the following result holds.



Theorem 1. Let m € N; nj1 = nj2 = n; € N, j € Np,. Assume that (X1,
X 2,7 € Ny is a jointly Gaussian family of zero-mean random variables and
suppose that for any j,j € Ny, and any o, & € {1,2} there exists a complez-valued
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)

measure M“’~ such that
EX,0(B)Xa(0) = [ O

Then

cum (Uy,...,Up)
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that is cum (U, ...,U,,) is represented as a finite sum of integrals involving
cyclic products of kernels. Here, 3 := (j1,72y---,Jm), @ = (q1,Q2,...,Qm),
Jm+1 =71 =1, amy1 = a1 = 2, and the sum Z(La) s extended to all

((J2, -+ s jm)s (@2, ... apn)) € Perm{2,...,m} x {1,2}™ 1. (2)
The notation (3, ) € {P,2}m—1 for fized j1 = 1 and aq = 2 is equivalent to (2).

Here, we put Z,,_1| := {—(n; —1),...,-1,0,1,...,n; — 1} for j € N,, and
Em(nj,j € Nm) = Z|n1—l| X ... X Z\nm—l|-

4 Applications

We apply the above obtained integral representations to some problems in speech
recognition. Let us consider a setting where sample correlograms and sample
cross-correlograms of stationary time series appear.

Let Y (t) := (Y1(t),Y2(t)), t € Z, be a weak sense stationary zero-mean
bidimensional vector-valued stochastic process with real-valued components whose
matrix-valued autocovariance function is as follows:

_ (Cu@®) Cr2(t)
Cy(t) = <021(t) 022(t)>, teZ,

and let
_ (Fu(N) Fiz(\)
Fy() = (Fm()\) ng(k)> Ak,



be the matrix-valued spectral function of the vector-valued process Y (t),t € Z.
Let v,d € {1,2}. Consider the following random variables:

Cys(T; N) : Zb,ygk 7, N)Y,(k+71)Ys5(k), 7€Z NEcN,

where bys5(k; 7,N), k € Ny, 7 € Z, N € N, are non random real-valued weights.
It is often assumed that

N
Zb,ﬂ;(k’; N)=1 7€Z, NEeN. (3)
k=1

For example, let N € N be given and let
1
bys(k; 7,N) = N k €Ny, T€EZ.
Then (3) holds and
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Y,(k+1)Y5(k), 7€Z, NeN (4)
k=1

The following sample correlograms are also often used in spectral analysis and
speech recognition as estimates of Cy5(-), 7,9 € {1,2} :

N—|r|
1
- = Y, (k + |7])Y5(k), fi < N;
Cos(r; N) = ; 3 ( + 7)) Y3 (), for ||
0, for |7] > N,
1 N—|7|
= —_— Y, (k+ |7|)Ys(k), f < N;
CrariV) = { Ny 2 V(b +ITDYa), for 7
0, for |7| > N.

Let v,6 € {1,2}, Ne N,me N, and 7; € Z, j € N,,. Put

cumfg)(Th ooy Tm) o= cum(Cly5(75; N), j € Npy);

nj=N, je€Npn;  aj(k)=>by(k; 7;,N), keNy, jecNpy;
Xj1(k) =Yy (k+7;), k€N, je€Npy;
Xja2(k)=Y5(k), keNy, jeN,.

Under these conditions the results obtained in Section 3 can be applied to the
cumulants. These results imply that the Gaussian component of the cumulant

cumfg)(ﬁ, ...,Tm) is represented as a finite sum of integrals involving cyclic

products of kernels.
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