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Resum

A I'estadistica de processos estocastics i camps aleatoris, una funcié de moments o un cumulant d'un
estimador de la funcié de correlacié o de la densitat espectral sovint pot contenir una integral amb
un producte ciclic de nuclis. En aquest treball es defineix i s'investiga aquesta classe d’integrals i
es demostra la desigualtat de Young—Holder que permet estudiar el comportament asimptotic de les
esmentades integrals en la situacié quan els nuclis depenen d'un parametre. Es considera una aplicacié
al problema d'estimacié de la funcié de resposta en un sistema de Volterra.

Abstract

In statistics of stochastic processes and random fields, a moment function or a cumulant of an estimate
of either the correlation function or the spectral function can often contain an integral involving a cyclic
product of kernels. We define and study this class of integrals and prove a Young—Holder inequality.
This inequality further enables us to study asymptotics of the above mentioned integrals in the situation
where the kernels depend on a parameter. An application to the problem of estimation of the response
function in a Volterra system is given.

Resumen

En la estadistica de procesos estocasticos y campos aleatorios, una funcién de momentos o un cumulante
de un estimador de la funcién de correlacién o de la densidad espectral a menudo puede contener una
integral con un producto ciclico de nicleos. En este trabajo se define y se investiga dicha clase de
integrales y se demuestra la desigualdad de Young—Holder que permite estudiar el comportamiento
asintético de las mencionadas integrales en la situacién cuando los niicleos dependen de un parametro.
Se considera una aplicacién al problema de estimacién de la funcién de respuesta en un sistema de
Volterra.
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1 Introduction

The problem of identification in stochastic linear systems has been a matter of active research for the
last four decades. One of the simplest models considers a “black box”" which enjoys some input and gives
a certain output. The input may be single or multiple, and one can choose between the assumption
that it is perfect or noisy. The same applies to the output irrespective of the input. This variety of
possibilities generates a great amount of models to be considered, and one still has a choice between a
parametric or nonparametric framework. The scope of applications of these models is fairly extensive,
ranging from signal processing and automatic control to econometrics (errors-in-variables models). For
more details, see (Schetzen, 1980), (Hannan and Deistler, 1988), (S6derstrom and Stoica, 1989). Each
of these books may be a good starting point for further bibliographic references. When only second-
order statistics are involved, the question arises about the uniqueness of the solution of a parametric
identification problem, see (Green and Anderson, 1986), (Deistler and Anderson, 1989). The use of
higher order cumulant statistics leads to consistent estimates of the parameters, see (Tugnait, 1992),
and also proves to be useful in nonparametric settings, see (Akaike, 1966).

Our interest in the topic was stimulated by the problem of estimation of the so-called impulse response
function (also called the transfer function in the time domain) of an SISO (single-input single-output)
system. One of the usual tools used for this estimation is the discrete-time cross-correlogram between
the input and the output, and one of the basic methods applied to prove statistical properties of
the estimate is Brillinger's method of cumulants, see (Brillinger, 1981). Our impression is that the
application of this method would always lead us to a certain class of integrals. These integrals also
appear in other nonparametric statistical problems, and the peculiarity of this kind of integrals is that
they involve cyclic products of kernels, meaning that the internal structure of integrals is always the
same. The ability to handle these integrals in general can give a clue to obtaining good upper bounds.
If one switches to a spatial setting, the Rosenblatt approximation by quadratic forms is often applied,
see (Rosenblatt, 1985). It is interesting that integrals involving cyclic products of kernels also appear
in the cumulants of bilinear forms of Gaussian random vectors, challenging us even more.

Since the weak convergence of estimators is often proved using high-order cumulants (see, e. g., (Zhang
and Shaman, 1991), (Grimmett, 1992), (Brillinger, 1996), (Haberzettl, 1997)), making a closer look at
integrals involving cyclic products of kernels worthwhile. Earlier studies of integral representations of
cumulants of second-order statistics of stationary stochastic processes were carried out by Lithuanian
statisticians (R. Bentkus, 1972, 1976), (StatuleviCius, 1977). A later paper (R. Bentkus, 1977) deals
with cumulants of polynomial statistics. Other integral representations of cumulants of the periodogram
of a homogeneous random field were considered by (Guyon, 1995), (Benn and Kulperger, 1998), (Rosen-
blatt, 2000). Interesting classes of multiple stochastic integrals were introduced by (Surgailis, 1981),
(Engel, 1982), (Fox and Taqqu, 1987).

Let us introduce the object we would like to focus on in what follows. Denote by N the set of positive
integers, Z the set of all integers, R the set of real numbers, and let N,,, := {1,...,m} for m € N.
Let (T, ) be a measurable space endowed with a o-finite measure p. We define an integral involving
a cyclic product of kernels as the following Lebesgue integral:

2
In (Kl,...,Kn; (pl,...,(pn) ://
p

where tp41 = t1. The functions K, := (K,(s,t), s,t € T), p € N,,, are called kernels. In general,
both the kernels K, p € N,,, and the functions ¢, := (p,(t), t € T) are complex-valued.

The remaining part of this paper is organized as follows: Section 2 gives an overview of the situations
where integrals (1) appear. Section 3 states some new results on these integrals: a Young—Holder
inequality (Theorem 1) and the convergence to zero of an integral depending on a parameter (Theo-
rem 2). These results are applied to prove asymptotic normality of a nonparametric estimate of the
impulse response function in a Volterra system (Theorem 3).

n

Kp(tpv tp+1)<Pp(tp) p(dty) ... p(dtn) (1)



2 Some motivating examples

Integral representation of a cumulant of a set of bilinear forms of Gaussian random
vectors. Assume that m € N, n; € N, j € N,,, and let X;; := (X;1(k), k € N, i)y X2 o=
(Xj2(k), k € N,;), j € Ny, be real-valued zero-mean jointly Gaussian random vectors Consider
the following set of bilinear forms: S; := 377 a;(k)X;1(k)X;2(k), j € Ny, where aj(k) € R
are nonrandom numbers for all k € N,,;, j € N,;,. Consider also the joint simple cumulant (see the
definition, for example, in (Brillinger, 1981), Section 2.3), denoted by cum (51, ..., S,,), of the random
variables Sy, ..., S,,. By Theorem 2.3.2 in (Brillinger, 1981) and by some algebra, one can show that

M1 yeeeyMm
cum (Sl, Cey Sm) = Z Z [H a]p .]p ;;I:}Ztirl (kjp,kjp+1)] (2)

(F8)€{P2}m—1 k1,....km=1 Lp=1

where 7:= (j1,J2,-+-,Jm), @ := (a1,Q2,...,a,,), with the convention that j; = j,+1 = 1, o =
Qm+1 = 2, and where

T tpr B 2, fap=1
Cj;:f]'pil (kjp ) kijrl) = Eij ,Qp (kjp)ijJrl,Olerl (kijrl )7 Qf = 1 If an = 2
’ k— 4

The notation (7, a) € {P,2},,_1 applied to the vectors 7= (j1,j2,...,Jm) and & = (a1, 2,..., Q)
is interpreted as follows:

ji=1, a1 =2, and ((J2,..sJm), (Q2,..., ) € Perm{2,...,m} x {1,2} !

where Perm{2,...,m} denotes the set of all permutations of {2,...,m}. If card(A) is cardinality of
the set A, then it is clear that card (Perm{2,...,m} x {1,2}™~!) = 2m=1. (m — 1)!

Let 5,7 € N,, and ,a’ € {1,2}. Assume further that there exists a Lebesgue integrable complex-
valued function G (u,v), (u,v) € R?, such that

EXja(k)Xj o (k) = //]122 exp{i(uk +u'k")}G5 0 (u,u')dudu’.

In this case (2) implies that

cum (Si,...,5m) = N > / /m [HQ(J’ v,,,v,,ﬂ)] dvy ... dvp, (3)

(@) e{P,2}m—1

where v;,+1 = v; and

QP (s,u) == / GSr i (5,0) Aj,, (L u)dt,  p € Ny
R

Za] Yexp{i(t +u)k}, je€N,.

Each integral on the right-hand side of (3) involves a cyclic product of kernels and the cumulant
cum (S1,...,Sn) is the sum of these integrals.

Let j,j' € N and a,a’ € {1,2}. Assume that there exists a complex-valued measure M
.defined on ([—m,7], B([—m,x])) such that EX; (k)Xo (k') = [7 ei(k*k')’\Mﬁﬁl (dX). Here and
in what follows, B(A) denotes the Borel o-algebra on A. Then

cum (S1,...,S8,) = Z / /

&>(Ap,m1>] PO () ... uGD (dA),
(&) E{P.2}mo1 o

(4)




where A\, 11 = A1 and Ap (4) (u,v) := ij1 aj, (k) exp{—ik(u— U)} D € Ny up]’a) : M]if]’jifl,p €

N,,. Suppose now that for any (7,&@) and any p we have ,u(J’ =[5 fpj’a) A)d\, B € B([—m,7]).
Then
cum (Si,...,8m) = > / / GO (X, Apr 1) LD ) | A1 - .dN (5)
&)E{P2}m 1 mm]m

where A\p,41 = A1, Formulas (4) and (5) give further representations of the cumulant cum (S, ...,
Sm) as a finite sum of integrals involving cyclic products of kernels.

The book (Mathai and Provost, 1992) is a good reference on quadratic forms, and the papers
(Mathai, 1992) and (Holmquist, 1996) focus on quadratic and bilinear forms in normal variables.

Inequalities for a cumulant of the cross-correlogram in a Gaussian time series. Let
Y (t), t € Z, be a real-valued zero-mean stationary Gaussian process with covariance function C(t) :=
EY(t)Y(0), t € Z, and spectral function F'()\), A\ € [—m,x]. Consider the sample correlogram

C(r;N) = E,Igvzl a(k; T, N)Y(r+k)Y (k), 7 € Z,N € N where a(k; 7, N) are nonrandom real-valued
weights for all k € Ny, 7 € Z, N € N. Formula (4) implies the following inequality:

m (C(71;N), .., C(rmi )| ©)

gzm—l(m—n!/---/
[_ﬂ'ﬂr]m

where A1 = Ay and AN (u; 1) = Z,Icvzl a(k; T, N)exp{—iku}, T € Z,u € [—m,7]. If, for example,
a(k; 7,N) =1/N, then (6) implies that

dF(\)...dF(An)

ﬁ ‘A(N) (/\p = A\p+i; Tp+1)‘

cum (C’(T1;N),---,é(7m§N))‘

sin (N(Ap;ApH))

< N—mam=l( / / —— dFE(A\1) ... dF(A\p).
[—m,7]™ p:l sin (”f"“)

A representation carried out by R. Bentkus of a cumulant of a second-order spectral
estimate in a stationary time series. Let Y (¢), t € Z, be a weak sense stationary zero-mean
real-valued time series. Consider the second-order spectral estimate:

EWN)(g;) :/ gi ()™ (z)dz, jeN,, meN,
where g; € Li[—m, 7], j € Ny, and where
2

, x€l[-mm], NEN,

N

1 Z Y(S)e—isx

s=1

I™M(z) := (2xN)~

is the so-called periodogram ((Brillinger, 1981), Section 5.2). Assume that the process Y () has n-
th order spectral density ¢, ()\1,...,)\”,1, —E?;ll /\j), (A1y-. s An1) € [-m, 7", for any n =
2,...,2m. Then a result by (R. Bentkus, 1977) after some algebra implies that

cum (E(N) (g1),---, EMN) (9m))

_ ﬁ //[ . ﬁ {Sir}(N(”P —vp+1)/2)] G121 « .. dVspm

sin((vp — vp+1)/2)



where vo;,41 = Uam, and where the function G(-) is expresseq in terms of 9 Yy-++y gm(-) and
©1(-), .-, am(-). This formula shows that the cumulant cum (EN)(g,),.. E(N)(gm)) is reduced
to an integral involving a cyclic product of kernels.

Long-range dependence. The Rosenblatt distribution. Let Y (t), ¢ € Z, be a stationary
Gaussian real-valued zero-mean stochastic process with covariance function C(t),t € Z. Assume
that C'((0) = 1 and limp_,oc a |t|PC(t) = 1, where @ > 0 and 3 > 0. If B € (0,1/2), then
V() is called a process with long-range dependence. Consider the sample correlogram C/(r; N) =
Nt Efj:l Y(r+ k)Y(k), 7 € Z, N € N. For a process with index & = 1, the limit distribution
as N — oo of NA(C(0; N) — 1) is non-normal, see (Rosenblatt, 1985), p. 72. This distribution is
often called the Rosenblatt distribution. The characteristic function p(u),u € R, of the Rosenblatt

distribution has the following form: ¢(u) = exp {(1/2) Efjﬂ(%u)klg(k)/k} , 4 € R, where

/ /01] Hm_l‘]ﬂl }dml

for any k > 2 and where 11 = 1. It is clear that each of the integrals I5(k), k > 2, involves a cyclic
product of kernels.

3 Some results on integrals involving
cyclic products of kernels

The Young—-Holder inequality for an integral involving a cyclic product of kernels.
For K = (K (s,t), s,t € T) we put ||K||oo,p := p—ess sup,cr || K(s, -)||p, where || - [|,, is the standard
norm in L,(T), p € [1,00]. We also introduce another norm: |||K|||p = max{||K||oop, 1K ||oo,p}
where K’ is the dual function of K, that is K'(s,t) := K(t,s) for any (s,t) € T?. Put L°(T?) :=
{K: |||K||l, < oo}. An inequality having the form

n

N\
| T (Ko Kons o1y 0n)| < TTUNE s - loslla,) (7)

j=1

with 1 < pj,q; < 00, j € Ny, will be called a Young inequality for integral (1). If each g; is the real
conjugate exponent of p;, j € N, that is (1/p;) + (1/¢;) = 1 for all j € N,,, then (7) is called a
Young—Holder inequality for integral (1).

Theorem 1 Letn € N, n > 2. Assume that 1 < ¢q,...,q, < 00 and

max((1/q;,) + (1/g)) > 1. (®)

J1#7j2

IfK; e ng?('JI‘Q), @;j € Lg; (T) for each j € N,,, where pj_1 + qj_1 =1,j €N,, then

-~ n
(T (B Ky 1 0m)| < TGl s 9)
j=1
Sketch of the proof.
Let ) )
Jj1 € Argmax (q—, jE Nn> , j2 € Argmax (q—, j;éj1> . (10)
J J



Then we obtain by (8)
1 1

— = >1.
a5, Qjo
Put

and consider the following collections:
o > ) Y ’ . ’
(p]17]2—1v QJ1+1,12—1) = (‘Zj1Qj1+1‘Zj1+1 e QJ2—1‘Zj2—1)a
= = . — ! . ! ) !
(p]27]1—17 q§2+1711—1) = (qquj2+1qj2+1 S QJz—lqjl—l)'

By (10) and (12), we have

1 1 1 1
—=—-=1-—=mn—
bjn  4j 9j:  JE€Nn pj
and
1 1 .
—=—=1-—= min —,
Djo 4;, 4o j€lj2,d1—1] Pj
that is
= max ; . = max ;.
P =it P T i g
Furthermore

]EN’fba

and moreover

DI R IED SRR E DS <$+ql,>=#+<|jz—jl|—1>.
J J

. l_ .
jelinga—1] P jelitja—1] U G jelitia—1] T
Therefore
1 1
=€ [0, ].]
Ajy,jo—1 1
In a similar manner, we can prove that
1 1
=€ [0, ].]
Ajs,j1—1 jo

We also have

"1 1 “ (1 1
S L) (S2) -3 (1) -n

= Pi j=1 % j=1

Now Theorem 1 can be obtained from Theorem 9.5.1 in (Edwards, 1965), and formulas (11), (13)—(17)

using the techniques employed in Section 5 of (Buldygin et al., 2000).

a

Corollary 1 Let n > 2. Assume that 1 < q,...,q, < 0o and (8) holds. Then there exist numbers
pj € (1,00], j € N,, satisfying E;;l(p;l +q;1) = n and such that (9) holds whenever K; € Ly, (T?)

for each j € N,,.



Convergence to zero of an integral involving a cyclic product of kernels, with the
kernels depending on a parameter. Assume that the kernels Ky,..., K, appearing in the

integrals ?n depend on a parameter o, that is K; = K](”) for all j € N,, 0 € &. We then write

(o) )

I, =1 (Kl(”), e K,(f); ©1,-.-,%n). Consider the following majorant condition: foranyp € (1, oo],
there exists a constant C, > 0 not depending on o € & such that max; |||K](”)|||p < C’p[p(g)]l/?—l/P
where p(o) >0, 0 € 6.

Theorem 2 Let n € N, n > 3. Assume that: (i) the kernels K;a), j € N, satisfy the majorant
condition; (ii) among the functions 1, ..., ¢y, there exist ny > 0 functions belonging to the space
L1 (R?), noo = ny functions belonging to the space Lo (R%), and ny = n—2n; > 0 functions belonging
to the space Ly(R%). Then lim, ()0 11 =o.

The proof of Theorem 2 follows the lines of that of Part B) of Theorem 5.3 in (Buldygin et al., 2000)
with slight modifications related to the form of the majorant condition above.

Asymptotic normality of a cross-correlogram estimate of the response function in an
SISO system. Take a time-invariant continuous SISO (single-input single-output) linear system with
a real-valued impulse response function H := (H(7),7 € R), also called the transfer function in the
time domain. This means that the system is an input-output type “black box”, and the response of
the system that enjoys an input z(t), t € R, has the following form: y(t) = ffooo H(t — s)xz(s)ds,
where the function H(:) is unknown. The problem is to estimate H from observations after the input
and the output interpreted as stochastic processes X and Y, respectively. Suppose that a family of
continuous spectral densities fa, A > 0, satisfies conditions (1a)—(1g) in (Buldygin et al., 1998). Let
Xa :=(Xa(t), t € R), A >0, be a family of separable stationary zero-mean Gaussian processes with
spectral densities fx, = fa, A > 0. Consider a stochastic process Ya representing the response of
the system to the input Xa. Define the sample cross-correlogram:

N
Han(r) = 5 3 Va(nh(A)Xa (nh(8) ~ 7)

where h(A) 1= 7/(2X0(A)), Ao(A) :=sup{A > 0: fa(A) >0} < oo, and A\g(A) = 00 as A — o0,
see condition (1b) in (Buldygin et al., 1998). By (6) and Theorem 2, the following statement can be
proved.

Theorem 3 If H € L»(R), then for anyn > 1 and all 1y, ...,7, € R one has
E[J] Zan()| = E ][ Z2(r)| as (A, Nh(A)) - o.
Jj=1 Jj=1

In particular, all finite-dimensional distributions of the process Zany = (Za.n(7), T € R) con-
verge weakly to the corresponding finite-dimensional distributions of the Gaussian process Z. Here,
Za (1) == \/Nh(A) I:gAJv(T) - EgA7N(T)j|, 7Z = (Z(7), T € R) is a zero-mean Gaussian process
whose correlation function is

1 <o :
E2(r)2(r) = 5- / [ EH ()2 N E V)] d, am € R

and H* is the Ly Fourier transform of H.

The proof presents no technical difficulties and can be obtained similarly to the proof of Theorem 4.1
in (Buldygin et al., 2000) with the reference to Part B) of Theorem 5.3 replaced by that to the above
stated Theorem 2.
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